The D0 collaboration at FermiLab has recently measured the top-quark pair forward-backward asymmetry inpp → ttX reactions as a function of the tt invariant mass M tt . The D0 result for AFB(M tt > 650 GeV) is smaller than AFB(M tt ) obtained for small values of M tt , which may indicate an "increasing-decreasing" behavior for AFB(M tt > Mcut). This behavior is not explained using conventional renormalization scale-setting, even by a next-to-next-to-leading order (N 2 LO) QCD calculation -one predicts a monotonically increasing behavior.
I. INTRODUCTION
Measurements of the top versus anti-top quark asymmetry inpp → ttX reactions at the Tevatron have provided important tests of perturbative quantum chromodynamics (pQCD) and the Standard Model. The * email:sqwang@cqu.edu.cn † email:wuxg@cqu.edu.cn ‡ email:zgsi@sdu.edu.cn § email:sjbth@slac.stanford.edu forward-backward tt asymmetry is defined as
where ∆y = y t −yt is the difference between the rapidities of top and anti-top quarks, and N stands for the number of events. This asymmetry is due in QCD to the interference of perturbative amplitudes with different charge conjugation, such as the one-gluon and two-gluon annihilation contributions to the→ tt subprocess. A review of the theoretical and experimental features of A FB can be found in Ref. [1] . The initial Standard Model (SM) predictions for A FB , which were based on pQCD at next-to-leading order (NLO) [2, 3] , appeared to be in substantial disagreement with the Tevatron CDF and D0 measurements [4] [5] [6] [7] [8] [9] . The SM predictions for the tt asymmetry A FB were subsequently improved by including electroweak contributions: (8.9 +0.8 −0.6 )% [10] , (8.7 ± 1.0)% [11] , and (8.8 ± 0.6)% [12] . More recently, a full next-to-next-to-leading order (N 2 LO) pQCD calculation was performed; it predicts A FB = (9.5 ± 0.7)% [13] . Ref. [14] has found that the soft-gluon corrections are important to the asymmetry, and by including those corrections via a proper resummation approach, the author provides an approximate N 3 LO QCD prediction to the asymmetry, i.e. A FB = (10.0 ± 0.6)%. These N 2 LO and higher order predictions agree with the Tevatron measurement within errors, A D0 FB = (10.6 ± 3.0)% [9] and A D0 FB = (11.8 ± 2.5 ± 1.3)% [15] in D0 collaboration and A CDF FB = (16.4 ± 4.7)% [6] and A CDF FB = (12 ± 13)% [16] in CDF collaboration.
The [6, 9] and compared with the N 2 LO and N 3 LO results with conventional scale-setting [13, 14] . Agreement was found with the D0 data but not with the CDF data at large values of M tt . Moreover, the new D0 result for A FB (M tt > 650 GeV) = −12.3 ± 29.6 [9] , which is smaller than A FB (M tt ) obtained for small values of M tt , may suggest an "increasing-decreasing" behavior for A FB (M tt > M cut ). This "increasing-decreasing" behavior was not reflected in the pQCD predictions with conventional scalesetting. It is interesting to show whether one can achieve such an "increasing-decreasing" behavior by using the PMC scale-setting.
All of the SM predictions discussed above have been based on conventional scale-setting; i.e., one simply takes the renormalization scale as the top-quark mass m t and then varies the scale over an arbitrary range, i.e. [m t /2, 2m t ], in order to estimate the scale uncertainty. However, this procedure of guessing the renormalization scale, although conventional, gives renormalization scheme-dependent predictions. It also leads to a nonconvergent renormalon perturbative series. Moreover, one would obtain incorrect results if one applies this method to QED processes [17] . It is possible for conventional scale-setting to accidentally predict the correct value of a global observable such as the total cross-section at sufficiently high order; however, since one assumes the same renormalization scale at each order in α s , it will often give incorrect predictions for each perturbative order correction. In fact, the renormalization scale and effective number of flavors are in general distinct at each order of pQCD, reflecting the different virtualities of the subprocesses as a function of phase-space. This provides the underlying reason why a single 'guessed' scale cannot explain the "increasing-decreasing" behavior of A FB as the tt-pair mass is varied.
In contrast, the Principle of Maximum Conformality (PMC) [18] [19] [20] [21] [22] provides a systematic way to eliminate the renormalization scheme-and-scale uncertainties. The PMC reduces in the (N c → 0) Abelian limit [23] to the standard Gell-Mann-Low method [24] , where all vacuum polarization contributions are associated with the dressed photon propagator and are thus resummed to determine the optimal scale of the running coupling. The PMC provides the underlying principle for the Brodsky-LepageMackenzie approach [25] , extending it unambiguously to all orders using renormalization group methods.
The authors of Ref. [13] have noted that an alternative scale-setting procedure, called the "large β 0 -approximation" [26, 27] , leads to incorrect pQCD n 2 fterms at NNLO. It should be emphasized that this analytic error is a defect of the "large β 0 -approximation"; it does not occur if one uses PMC scale-setting [17] , i.e. the correct n f -series at each perturbative order can be determined via its one-to-one correspondence to the β-series at the same order.
The PMC has a solid theoretical foundation, satisfying renormalization group invariance [28] and all the other self-consistency conditions derived from the renormalization group [29] . The PMC scales at each order are formed by shifting the arguments of the running coupling to eliminate all non-conformal {β i }-terms. This elimination is done by using the β-pattern determined by renormalization group equations; one then obtains correct behavior of the running coupling at each order and at each phase-space point. A systematic method for identifying the {β i }-terms is given in Refs. [21, 22] . This procedure also predicts some of the previously unknown higher-order {β i }-terms via the degeneracy patterns appearing at different orders [30] . After applying the PMC, the divergent renormalon series such as n n!β n 0 α n s does not appear and thus the pQCD convergence is automatically improved. The PMC has been successfully applied to many high-energy processes, including processes which involve multiple physical scales, such as hadronic Z decays [31] and Υ(1S) leptonic decays [32] .
In this paper we will apply the PMC procedure to the calculation of the A FB asymmetry by applying the pQCD results up to N 2 LO level with the goal of achieving precise pQCD predictions without renormalization scale ambiguities. We shall show that the PMC provides a self-consistent explanation of the recently reported D0 and CDF measurements. In our numerical calculations, we will assume the top-quark mass is m t = 173.1 GeV and will utilize the CTEQ6.6M parton distribution functions [33] . The Bernreuther-Si program [12] will be used for evaluating the electroweak corrections, and the HATHOR program will be adopted for treating the two-loop QCD corrections to the total cross-sections [34] 1 . Thus, the LO and NLO PMC scales can be unambiguity determined by the higher information in HATHOR program. We shall show that the pQCD convergence for the tt production cross sections are greatly improved; our PMC predictions, even at low orders, is in good agreement with the complete NNLO prediction [13] , and provide a self-consistent pQCD explanation for the Tevatron measurements. 
II. COMPARISONS OF PMC AND CONVENTIONAL SCALE-SETTING PREDICTIONS FOR THE tt PRODUCTION CROSS-SECTION
We will first compare the pQCD predictions up to the N 2 LO level for the total top-quark pair production cross-sections for the Tevatron collision energy √ s = 1.96 TeV using the PMC and conventional scale-settings, respectively. The results are presented in Table I , where the cross-sections for the individual (qq)-, (gq)-, (gq)-and (gg)-channels are also presented. The initial scale µ r is set as m t and then varied over the range µ r ∈ [m t /2, 2m t ]. The total cross-sections from all the production channels, before and after PMC scale-setting, are
Both the PMC and conventional scale-setting procedures agree with the CDF and D0 measurements within errors [36] [37] [38] [39] ; the recent combined cross-section given by the CDF and D0 collaborations is 7.60±0.41 pb [39] . The PMC total cross-section is almost unchanged when one varies the starting scale µ r . The dependence of the total cross-section on the choice of renormalization scale is also small using conventional scale-setting if one incorporates N 2 LO QCD corrections. However, using a single guessed scale does not predict the cross-sections for individual channels correctly at each perturbative order. In fact, by analyzing the pQCD series in detail, we find that the errors for the separate cross-sections at each perturbative order from conventional scale-setting are large in all of the contributing channels. As an example, the contributions of the dominant (qq)-channel with and without PMC scale-setting are presented in Table II . This subprocess is the dominant source of the tt asymmetry. In agreement with expectations, the scale dependence of the total (qq)-cross-section up to N 2 LO level is small; i.e., ∆σ
where i=LO, NLO and N 2 LO, respectively. Using conventional scale-setting, we obtain
These results show that if one uses conventional scalesetting, then the dependence on the choice of initial scale decreases with the increment of µ r . Thus in order to agree with the measured total cross-section, it prefers a smaller scale ≃ m t /2, which however leads to the prediction of a small tt asymmetry, well below the data. On the other hand, Table II shows that all of the κ i -values become less than 0.1% if one uses the PMC. Thus the scale errors for both the total cross-section and the individual cross-sections at each order are simultaneously eliminated using the PMC scale-setting, and the residual scale dependence due to unknown higher-order {β i }-terms become negligible [40] .
III. PREDICTIONS FOR THE tt FORWARD-BACKWARD ASYMMETRY
The top-quark pair forward-backward asymmetry in pp → ttX collisions is also sensitive to the renormalization scale-setting procedure. As shown in Table I the (qq)-channel provides the dominant contribution to A FB at the Tevatron. It is important to note the NLO PMC scale µ PMC,NLO r of the (qq)-channel is much smaller than m t (as shown by Table III ). This reflects the fact that the two virtual gluons in the s-channel in the annihilation amplitude→ g * g * → tt share the virtuality of the subprocess. The resulting NLO (qq) cross-section is in fact about twice as large as the cross-section predicted by conventional scale-setting; the precision of the predicted asymmetry A FB is also greatly improved. Moreover, after applying the PMC, the predicted ratio of the crosssection at the N 2 LO level to the NLO cross-section for the qq-channel, i.e. |σ N 2 LO/σ NLO|, is reduced from ∼ 50% to be less than ∼ 4%. This indicates a great improvement of pQCD convergence can be achieved by using the PMC. Such an improvement of the pQCD convergence is essential for achieving accurate pQCD predictions for the tt asymmetry. If we further include the O(α 2 s α) and the O(α 2 ) electroweak contributions, we achieve a precise SM "NLO-asymmetry" predictions [41] ,
where the D i -terms stand for the total cross-sections at each α s -order and the N i -terms stand for the corresponding asymmetric contributions. The term labeled N 1 corresponds to the QCD-QED interference contribution at the order O(α 2 s α), andÑ 0 stands for the pure electroweak antisymmetric O(α 2 ) contribution arising from |M qq→γ→tt + M qq→Z 0 →tt | 2 [10] . Under the conventional scale-setting, the N 2 LO N 2 -term provides large contribution for A FB [13] . Given that after applying the PMC scale-setting, the pQCD convergence is greatly improved and the D 2 -term is lowered by one order of magnitude in comparison to the D 1 -term, we assume the same behavior for N 2 and consider the asymmetric NLO N 1 -term to provide the dominant contribution. We therefore neglected the asymmetric N 2 LO N 2 -term when using the PMC.
Furthermore, to compare the PMC prediction with the asymmetry assuming conventional scale-setting, we further rewrite the PMC asymmetry as [41] 
where the symbol "Conv." stands for the prediction calculated by using the conventional scale-setting, and "PMC" stands for the corresponding value after applying the PMC. By using Eq. (5), we obtain precise prediction for A FB without renormalization scale uncertainty: A PMC FB = 9.2%. We will next discuss predictions for the top-quark pair asymmetry A FB (M tt > M cut ) as a function of the toppair invariant mass lower limit M cut . In the case of M cut = 450 GeV, the predicted asymmetry using conventional scale-setting is A FB (M tt > 450 GeV)| Conv. = (GeV)  71  48  26  18  20  35  53  69  83  94   TABLE III 12.9%, consistent with previous SM predictions [10] [11] [12] . However, after applying the PMC, the predicted asymmetry is much larger: A FB (M tt > 450 GeV)| PMC = 29.9%. A comparison of the PMC prediction with the CDF measurements is presented in Fig.(1) . The PMC prediction agrees with the weighted average of the CDF measurements within errors [5, 6] . Thus after applying the PMC, the large discrepancy between the SM estimates and CDF measurement predicted using conventional scale-setting is removed.
IV. PREDICTIONS FOR THE tt FORWARD-BACKWARD ASYMMETRY AS A FUNCTION OF THE PAIR MASS
At present, the differential A FB (M tt ) is not available for us, we thus cannot directly compare with the results for A FB (M tt ) given in the literature, and instead, we give the asymmetry A FB (M tt > M cut ) for several choices of minimum pair invariant mass. The results are given in Table III , where the conventional results are for the NLO pQCD predictions with the electroweak corrections calculated by using the Bernreuther-Si program [12] . This behavior reflects the running behavior of the QCD coupling α s (Q 2 ) for different kinematic regions. If one assumes conventional scale-setting and the fixed scale m t , then A FB (M tt > M cut ) monotonically increases with increasing M cut . This trend is consistent with the behavior of the N 2 LO differential A FB (M tt ) with the conventional scale-setting [13] . In contrast, if one employs the PMC scale-setting, then A FB (M tt > M cut ) first increases and then decreases as the lower limit of the pair mass M cut is increased. These trends are more clearly shown by Fig.(2) , in which the Standard Model predictions using conventional and PMC scale-settings are compared with the CDF [6] and D0 [9] measurements. This "increasing-decreasing" behavior can be understood in terms of the effective pQCD couplingᾱ s (µ PMC r ) introduced in Ref. [41] ; it is the weighted average of the running couplings entering the (qq)-channel, the subprocess underlying the asymmetry in pQCD. The effective coupling can be unambiguously determined because the NLO-level asymmetric contribution from (qq)-channel only involves a single PMC scale. The effective couplinḡ α s (µ PMC r ) depends in detail on the kinematics. More explicitly, as shown by Table III, the non-monotonic behavior of the effective coupling accounts for the "increasing -decreasing" behavior of A FB (M tt > M cut ). We have adopted the partonic center-of-mass frame to estimate the PMC total cross-section for various M tt cuts; the results, however, agree with the results obtained that of tt-rest frame within high accuracy since events near the partonic threshold give the dominant contribution to the cross-section at the Tevatron [42, 43] .
V. CONCLUSIONS
In summary, we have shown that the PMC provides a systematic and unambiguous way to set the optimal renormalization pQCD scales for top-quark pair production at each order of α s . The resulting pQCD predictions are renormalization-scheme independent, since all of the scheme-dependent {β i }-terms in the QCD perturbative series are resummed into the QCD running couplings at each order. By applying the PMC, one obtains not only scheme-independent predictions but also a more convergent pQCD series without factorial renormalon divergences.
After applying the PMC, the uncertainties from renormalization scale-setting for both the total cross-section and the individual cross-sections at each order are simultaneously eliminated, and the residual scale dependence due to unknown higher-order {β i }-terms is found to be negligible. After applying the PMC, we improved the prediction respect to renormalization scale dependence and obtain the top-quark pair forward-backward asymmetry A PMC FB = 9.2% and A FB (M tt > 450 GeV) = 29.9%, in agreement with the corresponding CDF and D0 measurements.
The PMC prediction for the top-quark pair forward- backward asymmetry A FB (M tt > M cut ) displays an "increasing-decreasing" behavior as M cut is increased. This behavior however cannot be explained even by a N 2 LO QCD calculation using conventional scale-setting, since in contrast, it predicts a monotonically increasing behavior. We have also shown in a recent paper [44] that the PMC predictions are in agreement with the available ATLAS and CMS data.
Thus, the proper setting of the renormalization scale provides a consistent Standard Model explanation of the top-quark pair asymmetry measurements at both the Tevatron and LHC. It is noted that the large discrepancy between the conventional lower-order prediction and the data can be cured to a certain degree by including high-order terms, such as the state-of-art results of Refs. [13, 14] , however in those works the renormalization scale uncertainty is "suppressed" but not "solved". The PMC results demonstrate that the application of the PMC eliminates a major theoretical uncertainty for pQCD predictions, thus increasing the sensitivity of the LHC and other colliders to possible new physics beyond the Standard Model.
